CHARACTERIZATION OF THE LIMIT OF SOME 
HIGHER DIMENSIONAL THIN DOMAIN PROBLEMS 



Thomas Elsken - Martino Prizzi 

Abstract. A reaction-diffusion equation on a family of three dimensional thin do- 
mains, collapsing onto a two dimensional subspace, is considered. In [13] it was 
proved that, as the thickness of the domains tends to zero, the solutions of the equa- 
tions converge in a strong sense to the solutions of an abstract semilinear parabolic 
equation living in a closed subspace of . Also, existence and upper semicontinuity 
of the attractors was proved. In this work, for a specific class of domains, the limit 
problem is completely characterized as a system of two-dimensional reaction-diffusion 
equations, coupled by mean of compatibility and balance boundary conditions. 



1. Introduction 

Let O C M.^^-^^ be an open bounded domain with Lipschitz boundary. Write 
{x,y) for a generic point of M^+^. For e > 0, let us consider the 'squeezing 
operator' T,:R^+^^ -> R^+^\ (x,y) ^ (x,ey), and define := T,{n). Let T be 
a relatively closed portion of dfl and let := T^{r). Let us consider the following 
reaction-diffusion equation 

{Ut = Au + f{u), t > 0, (x, 2/) G 
u = 0, t>0, {x,y) G Fe. 

Here i^e is the exterior normal vector field on dQ^- We assume that / satisfies the 
following condition: 

(HI) f eC\R^m) and |/'(s)| < C(|s|^ + 1) for s G M, where C and /3 G [0,oo[ 
are arbitrary real constants. If n := M + N > 2 then in addition, (3 < (p*/2) — 1, 
where p* = 2n/(n — 2) > 2. 

Let -ffp^(Oe) be the closure in H^{Q^) of the space of all C^(Oe)-functions such 
that w = on Fg. Then it is well known that equation (1.1) generates a semiflow tt^ 
on i7p (Oe). If we suppose in addition that / satisfies the dissipativeness condition 

(H2) limsup|g|^^ ^ ~C ^or some C > 0? 

then the semifiow is defined for all t > and it posseses a compact global 
attractor Ae- 
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As e — > the thin domain 0^ degenerates to an AT-dimensional domain. Then 
the question arises, what happens in the hmit to the family (7fe)e>o of semiflows 
and to the family {Ae)e>o of attractors. Does there exist a limit semiflow and a 
corresponding limit attractor? 

This problem was first considered by Hale and Raugel in [7] for the case when 
M = 1 and the domain Q is the ordinate set of a smooth positive function g defined 
on an A'"-dimensional domain u>, i.e. 

0, — {{x,y) \ X & u> and < y < g{x) }, 

with r = (resp. T = {{x^y) \ x E duj and < y < g{x) }). 

The authors prove that, in this case, there exists a limit semifiow ttq, which is 
defined by the A*"- dimensional boundary value problem 

r = {1/g) diY{gVu) + /(«), t > 0, a; e a; 
1 f^M = (resp. M = 0), t > 0, a; e du. 

Moreover, ttq has a global attractor and, in some sense, the family (.Ae)e>o is 
upper-semicontinuous at e = 0. See also [16] and the rich bibliography contained 
therein. 

If the domain O is not the ordinate set of some function (e.g. if has holes or 
different horizontal branches) then (1.2) can no longer be a limiting equation for 
(1.1). Nevertheless, K. Rybakowski and the second author proved in [13] that the 
family tt^ still has a limit semiflow. Moreover, there exists a limit global attractor 
and the upper-semicontinuity result continues to hold. 

In order to describe the main results of [13] we first transfer the family (1.1) to 
boundary value problems on the fixed domain Vt. More explicitly, we use the linear 
isomorphism H^{fl^) i7^(fi), u i— > tt o T^, to transform problem (1.1) to the 
equivalent problem 

{Ut = A^u + ^Ayu + f{u), t>0,{x,y)eQ 
■ + ^Vyu ■Uy = o, t > 0, (x, y)edn\r 
u = 0, t>0, {x,y) 

on Q. Here, u = {u^, Vy) is the exterior normal vector field on dO.. 

Let ifp(O) be the closure in H^iO) of the space of all (O)-functions such that 
tt = on r. Then equation (1.3) can be written in the abstract form 

(1.4) u + A,u = f{u) 

where f-.H^-iyt) — > L'^{Q) is the Nemitski operator generated by the function /, 
and is the selfadjoint linear operator (with compact resolvent) induced by the 
following bilinear form 

ae(tt, v) := / (Va;tt • Vx'v + ^Vytt • Vyv) dx dy, tt, i; e Hy{VL). 
Jci £ 
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Equation (1.4) then defines a semiflow tt^ on Hl{fl) which is equivalent to 7fe and 
has the global attractor Ae '■= $e(^e), consisting of the orbits of all full bounded 
solutions of (1.4). 

Notice that, for every fixed e > and u e H^{il,), the formula 



\u\e = (a^{u,u) + |'u|i2(n)) 



1/2 



defines a norm on i?p(0) which is equivalent to | • |ifi(f2). However, \u\e oo as 
e — > 0+ whenever VyU ^ in L^(0). 
In fact, we see that for u e H^{fl) 

f /o |Va;ttp dx dy, if VyU = 
lim a^{u, u) = < 

e^o+ 1^ +00, otherwise. 

Thus the family a^iu, m), e > 0, of real numbers has a finite limit (as e — > 0) if and 
only if tt e 5(^)5 where we define 

Hh,si^) ■={ue H^{n) I VyU = 0}. 

This is a closed linear subspace of i7p(n). 

The corresponding limit bilinear form is given by the formula: 

(1.5) ao(u,v) := / VxU ■ VxV dx dy, u,v E g(Q). 

Jn 

Assume from now on that H^' g{0,) is infinite dimensional. Then the form ao 
uniquely determines a densely defined selfadjoint linear operator 

by the usual formula 

(1.6) ao{u,v) = {Aou,v)L2^n^, for u e D{Ao) and v e H^ ^^^y 

Notice that Aq has compact resolvent. Here, Lpg(ri) is the closure of ^[Q) in 
the L^-norm, so Lp ^(fi) is a closed linear subspace of L^(Jl). 

One can show that the Nemitski operator / maps the space ^(fi) into Lp ^(0). 
Consequently the abstract parabolic equation 

(1.7) u + Aou = f{u) 

defines a semifiow ttq on the space si^)- This is the limit semifiow of the family 
TTg. The following results are proved in [13]: 
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Theorem A. Let (en)neN be an arbitrary sequence of positive numbers convergent 
to zero and (ttn)neN be a sequence in L^{fl) converging in the norm of L^{Vt) to 
some Uq e Lp g(fi). Moreover, let (tn)n6N be an arbitrary sequence of positive 
numbers converging to some positive number t^. 
Then 

|e-*"^^nu^ _ e~*o^Ouo| ^0 as n ^ oo. 
If, in addition, tt„ e H^{Q) for every n e N and if uq G g{^), then 

knTTe^^n - ^fOTTo^O I e„ ^ aS 77, ^ OO. 

The limit semiflow ttq possesses a global attractor ^o- The upper-semicontinuity 
result alluded to above reads as follows: 

Theorem B. The family of attractors {Af,)^^^Q is upper- semicontinuous at e = 
with respect to the family of norms \ ■ \e- 
This means that 

lim sup inf \u — v|e = 0. 

e^0+ ueAe '"^■^0 

In particular, there exists an €i > and an open bounded set U in (Q) including 
all the attractors Ae, e € [0, ei]. 

Remark. Theorems A and B were actually proved in the case F = 0, but the proof 
is valid (with only minor changes) also in the general case, as long as HY' g{0,) is 
infinite dimensional. 

The definition of the linear operator Aq, as given above, is not very explicit. If 
AT = M = 1, however, it was shown in [13] and [14] that there is a large class 
of the so-called nicely decomposed domains on which Aq can be characterized as 
a system of one-dimensional second order linear differential operators, coupled to 
each other by certain compatibility and Kirchhoff type balance conditions. In this 
case, the abstract limit equation (1.7) is equivalent to a parabolic equation on a 
finite graph. Roughly speaking, a planar domain Q admits a nice decomposition 
if, up to a set of measure zero contained in a set Z of finitely many vertical lines, 
Q can be decomposed into finitely many domains fife. A; = 1, . . . , r in such a way 
that at Z the various sets flk and Qi 'join' in a nice way. Points of Q (1 Z are, 
intuitively speaking, those at which connected components of the vertical sections 
Clj; bifurcate (see Figure 3 in [13]). In higher dimensions it is not clear wether it is 
possible to describe a reasonable, sufficiently large, class of domains for which an 
explicit characterization of ^(Q) and of D(Aq) can be carried on. Nevertheless, 
in some concrete cases, one can go along the same ideas of [13] and give a nice 
characterization of these spaces. In this paper we concentrate on the case N = 2 
and M = 1 and we illustrate with two examples how this is possible. Our examples 
deal with a set Q which is obtained by removing from a cylinder a smaller cylinder 
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contained in the interior of the first. More precisely, take open sets o^, u>i, u>2 and 
ujs in such that 

(jj is bounded, connected and has boundary, 
<^2 = "^s CC w have boundary, 
a;i := a; \ aJ2- 

Notice that ui is not necessarily connected. Moreover, let hi, /12 and be positive 
real numbers, with hi > h2 + hs. Then we define 

(1.8) Q:= (a;x]0,/ti[)\(a;2x]/t3,/ii-/t2[). 

Figure 1 below represents the domain Q, when u and L02 are balls centered at 0. 




Figure 1: the domain Q. 

For later use we need also to define 

Qi :=u!ix]0,hi[, 

Q2 •.=uj2x]hi - h2,hi[, 

Q3 :=uj3x]0,h3[ 

and 

:=ujix]h3,hi - h2[, 
1^5 ■.=ojx]hi - h2, hil 
Qe :=(jjx]0,h3[, 
Qr :=K^x]/i3,/ii - h2[. 
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Finally, we set 

Ti := aw X [o,/ii], r2 :=9(x;2 X [/i3,/ii -/i2], rL:=riur2. 

We shall consider equation (1.1) on = Te(0), where O is the domain defined 
above, with two different sets of boundary conditions, namely with F = and 
with F = F^. We shall see that these different boundary conditions give rise to 
completely different behaviors as e — > 0. In fact, when F = 0, i.e. we impose the 
Neumann boundary condition on the whole equation (1.7) is equivalent to the 
following system of two-dimensional reaction-diffusion equations 

' Uit = Aui + f{ui), t>0,xeu!i, i = 1,2,3, 

ui{x) = U2(x) = us(x), t>0,xeduj2, 

^ ' I a^jWi = 0, t>0,xedu;, 

> Z)i=i hiVui ■ 1^1 = 0, t>0, X e d(jj2. 

Here Vi, i = 1, 2, 3, is the outward normal vector field on duji for i = 1, 2, 3 respec- 
tively. Observe that the three equations in (1.9) are coupled by compatibility and 
Kirchoff type balance conditions on the 'interface' duj2- Figure 2 below illustrates 
the 'limit' of the family (fl^) as e — > for the domain represented in Figure 1. 




Figure 2: the "limit" of the £1 ^ 

On the other hand, when F = F^, i.e. we impose the Dirichlet boundary condi- 
tion on the 'lateral' surface F^, equation (1.7) is equivalent to the following system 
of two-dimensional reaction-diffusion equations 

^IIQ-^ ( Uit = Au^ + f{ui), t>0,xeuJi, i = 1,2,3, 

\ Ui{x) = 0, t > 0, X E duJi, i = 1,2, 3. 

So in this case the 'limit' problem is a completely decoupled system of scalar 
reaction-diffusion equations. 

These two examples furnish a prototype for many concrete situations that may 
occur in practice. In particular, we point out that the core of the problem consists 
in proving regularity of the solutions of the linear equation 

Aqu = w, with w E s(^)- 
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Once the spaces Lp ^(0), i7p ^(O) and D{Ao) have been characterized, one can eas- 
ily show that (1.7) is equivalent to a system of concrete reaction-diffusion equations 
of type (1.9) or (1.10). 

Finally, as we shall explain in Section 3, the characterization of Aq and of its 
domain can be exploited to compute the eigenvalues of Aq in some specific situa- 
tions, like the one represented in Figure 1. Of course, informations on the location 
and on the multiplicity of the eigenvalues of cire very important in the study of 
local bifurcations of (1.7). 

2. Characterization OF i7p ^(O) 

We begin by recalling a general notion introduced in [13]: we say that an open 
set n e has connected vertical sections if for every x e M.^ the x-section 

is connected. Of course, this section is nonempty if and only if a; e -P(n), where 
P: M.^ X M.^ — > M^, {x, y) ^ X is the projection onto the first N components. The 
following proposition was proved in [13]: 

Proposition 2.1. Suppose Q has connected vertical sections. Let J := P{i^) and 
define the function p: J ]0, oo[ by x ^ A*m(^x)- If u & L'^{Q) satisfies VyU = 
in the distributional sense, then there is a null set S in and a function v e 

L\^^{J) such that u{x, y) — v{x) for every (x, y) E fl\S. Moreover, p^/'^v e L'^{J). 
If u & H^iyt) then dx^v e L\^^[J) for i = 1, . . . , N and we can choose the null 
set S so that u{x, y) = v{x) and dxiU{x, y) = dxiV{x) for every i = 1, . . . , N and 
(x,y) e il\S. Moreover, p^/'^dx^v e L'^{J) for every i = 1, . . . , N. □ 

Now we come back to the domain ft defined by (1.8). In what follows, we may 
assume indifferently that r = rL orr = 0. For A; = 1, . . . , 7 let us define 

Hl{nk) := {u e H\nk) I VyU = a.e.}. 

Moreover, let us define Lg(ilfe) as the closure of ff^ (17/-) in L^(il/-). 

Lemma 2.2. For k = 1, . . . , 6, the following properties hold: 

(1) whenever u G Lp^(O), then uIq^, G L^Qk); 

(2) whenever u G iJp ^(fi), then u\q^, G Hl{Qi;). 

Proof. Part (2) is obvious and part (1) follows directly from part (2) and from the 
definition of Lp ^(O) and L^(Ofc). □ 

For k = 1, 2, 3, let us define the spaces 

Lk := L^{ook) and Hu := H^{ook). 
Define on and the scalar products 



{u,v)Lk-= / hku{x)v{x)dx 
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and 

{u,v)Hk-= / h]iu{x)v{x) dx -[- I hkVu{x) ■ Vv{x) dx 
respectively. Moreover, for k = 1, 2, 3, let us define the mapping 

Ik-. Ll{nk) ^ Lk, u^v, 

where v is the function given by proposition 2.1. It turns out that tk is an isometry 
of Lg(Ofc) onto Lfc for k — 1,2,3. Moreover, restricts to an isometry of Hl{Qk) 
onto Hk for k = 1, 2, 3. Let us define the product spaces 

L0 := Li © L2 © L3 := { [u] = (ui, U2, U3) \ Uk ^ L^, k = 1,2,3} 

and 

:= Hi®H2® H3 := { [u] = {ui,U2, U3) \ Uk e Hk, k = 1,2,3} 
with the scalar products 

(M: H)ie •= (^1' ^1)^1 + ("2, V2)l2 + ("3, V3)l3 

and 

respectively. It is easy to check that Lq and are Hilbert spaces. Besides, let us 
define the map 

*®:-^r,s(^) '■= (*l(«|nl),^2(M|^J,^3(w|n3))• 

Observe that 
and 

(w, w)^2(n) + ao{u, v) = {i^u, i®v)h^ for u and w e i/r,s(^)- 

It follows by Lemma 2.2 that is an isometry of of Lp ^(0) into and that 
restricts to an isometry of ^(fi) into H^. Finally, let us define 

:= {[u] eH^\uke Hl{ujk) for k = 1,2,3} 

and 

:— e I ^wi(x) = '^U2{x) — '^U3{x) H^-a.e. on 8002} 

where Ti^ is the one-dimensional Hausdorff measure in and '^Uk is the trace of 
Uk on 9a;fc for A; = 1, 2, 3. We call 

(2.1) ^ui{x) = '^U2{x) = '^■U3(a;) 7^^-a.e. on d(jJ2 

the compatibility condition on 9a;2. 

Now we are able to characterize the spaces ^(il) and Lp ^(fi): 
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Theorem 2.3. The following properties hold: 

(1) z^iLljn))=L^; 

(2) ts^iH^M) ^Hg ifT = $ and leWA^)) ^ K = ^l- 

Proof. We begin by proving (2). Let F = Fx, or T = and let u e H^^g{Q). Let 
i^u := [v] = (f 1, V2, fs). We shall prove that 

(2.2) '^vi{x) — ^V2{x) = '^V3{x) H^-a.e. on duj2. 

By the definition of and by Proposition 2.1, there exists a null set S CM.^ such 
that 

u{x, y) — Vk{x) for all (x, y) & VLk \ S and for A; = 1, 2, 3. 

On the other hand, again by Proposition 2.1, we can find two functions and 
vq e H^{ijj) and we can choose the set S in such a way that 

u{x, y) — vi{x) for all {x, y) E Qi \ S and for / = 5, 6. 

It follows that 

vi{x) = V5{x) = ve{x) a.e. in uji, 
V2{x) — V5{x) a.e. in u!2 

and 

vsix) — vq{x) a.e. in u>s. 
Define the functions and ve: a; — > R by 

{Vi{x) if X E u>i 
V2{x) if X eU2 
otherwise 

and 

{vi (x) if a; e cui 
vs{x) ifa;ea;3 
otherwise 

It follows that V5 = V5 and vq = vq almost everywhere in u> and hence and 
vq e H^{(jj). This in turns implies (2.2) (see [1, Lemma A 5.10, p. 195]). This 
proves that ^(0) C i?® . Assume now that F = F^^. We shall show that in 

this case v\ e Hq{uji). Let us define the function -u: Jly ^ M by 



u{x,y) := 



w(a;, y) if a; e 
otherwise 
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Since '^u{x,y) = H^-a.e. on F^, it follows that u e HKQy) (here is the 
two-dimensional Hausdorff measure in and '^u is the trace of u on dfl). By- 
Proposition 2.1, there exist a null set C and a function V7 e H^(R^) such that 

u{x, y) — V'j{x) for all (x, y) e ^7 \ 5. 

Observe that = a.e. in IR^ \ a;i. On the other hand, again by Proposition 2.1, 
we can find a function e H^{u}i) and we can choose the set S in such a way that 

u{x, y) — f 4(x) for all (x, y) e ^4 \ S. 

It follows that vi = V4 = almost everywhere in a;i. This in turn implies that 
'^vi{x) = ?i^-a.c. on du)i (see again [1]), i.e. vi G ifQ(c<;i). So far, we have proved 
that ^©(i^^,,(^)) C Hg and, if T = Tz., ^®(i^^,,(^^)) C . 

Assume now that [v] e H§. We shall prove that there exists a function u G 
i/p g(fi), with r = 0, such that t^u — [v]. Let us define a function u on Q in the 
following way: 



u{x,y) :-- 



Vk{x) if (,T,?/) G rife, A; = 1,2,3 
otherwise 



Obviously, u\q-^ G H^{Qi). Moreover, u\q^ G H^^Q^). In fact, the function v^ilo —>■ 
M defined by 

{vi{x) if a; G a;i 
V2{x) if a; G a;2 
otherwise 

is in H^{uj), since '^vi{x) = '^V2{x) 7i^-a,.e. on duj2 (see again [1]). Analogously, 
■u|ng G H^{fi,Q). Now since (fi/)/=i,5,6 is an open covering of f2, it follows imme- 
diately that u G H^{Q). It is easily verified that VyU = almost everywhere, so 
u G ffp ,j(0). By construction, ii^u = [v]. 

Assume now that [v] e H^. We shall prove that there exists a function u G 
with r — Fl, such that i^u — [v]. As before, let us define a function u on 
Q in the following way: 



u{x,y) :-- 



Vk{x) if (x,!/) G rife, /c = 1,2, 3 
otherwise 



By the same arguments as above, it follows easily that u G H^iVL) and that VyU = 
almost everywhere. We shall show that "^it = on F^,. To this end, let us choose 
sequences (v^)„gp}5 £ C'o ('^fe)) '^k in H^{^k) as n ^ 00, A; = 1, 2, 3, and let 

us define 

lv]^{x) if(x,2/)Gnfe, /c = l,2,3 
u [x, y) := < 

I otherwise 
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for n e N. Then u"" e (7^(0) and w"(a;) = on for all n e N. Moreover, 
it is easy to verify that tin — > tt in H^{iV), so we deduce that u e s(^)- By 
construction we have that ii^u = [v]. This concludes the proof of part (2). 

Now we prove (1). Let [v] G L^. We shall prove that there exists v E ^(1)) 
such that ^0^t = [v] . Again, we define a function w on in the following way: 



u{x,y) :-- 



Vk{x) if {x,y) e Qk, k = 1,2,3 
otherwise 



Then u G L2(0). We claim that u G L^^^iQ), both with T = Tl and with T = 0. 
This means that u can be approximated in the L^-norm by functions of s(^)- 

To this end, let us choose sequences (v^)neN5 v'j^ £ C'ol'^fc), v'j^ — Vk in L'^{oJk) as 
n — > oo, k = 1,2, 3, and let us define 



«"(a;,y) := 



v^ix) if {x,y)enk,k ^1,2,3 
otherwise 



for n G N. Then, as in the proof of part (1), u"^ G ^(O) for all n G N, both with 
r = and with F = 0. Moreover, it is easy to verify that Un ^ u in L^(0), so we 
deduce that u E Lj, g{0,). By construction we have that «®u = [v] and the proof is 
complete. □ 

Corollary 2.4. The space ^{Q) is infinite dimensional, both with F = and 
withT = TL. □ 

3. ^-REGULARITY AND CHARACTERIZATION OF D{Ao) 

Let US define the bilinear forms 

ak{u,v) :— / /ifeVu(x) • Vf (x) dx, u,v E 

JuJk 

on Hk X Hk, k = 1, 2, 3, and the bilinear form 

a®([it], [v]) := ai{ui,vi) + 02(^2,^^2) + 03(163, ^73), [u], [v] G 

on X Hq. Let us indicate by a® and a® the restrictions of a® to x i^^ and 
X respectively. Let A'^ (resp. A^) be the self-adjoint operator generated 
by (resp. a^) in if^ (resp. -ff^). Finally, let us indicate simply by a the 
bilinear form ao on ^{O,) x ifp ^(O) defined in (1.5), and by A the corresponding 
self-adjoint operator Aq defined in (1.6). Observe that 

a{u,v) = a®(z®tt,z©v) for u and v G H^ g{iT). 

Assume that F = 0. If ue D{A), then, for aU v e ^{n), we have 

{Au,v)l2^q) = a(u,v) = a'^{i(su,i^v). 
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On the other hand, 

{Au,v)l2(q) = {i(sAu,i^v)l^. 

It follows that 

for all V G ^(f^), so G D{A'^) and A'^iq^u = iq^Au. Similarly, one can prove 
that, whenever [u] G D{A^), then i'^^[u] G D{A) and Az^^f-u] = Zgg-^Ag[?i]. This 
means that restricts to an isometry of D{A) onto D(A'^) and that ^ — i^^A^i^. 

In the same way we can prove that, if F = Fl, then restricts to an isometry 
of D{A) onto DiA'^) and that A = i^^A'^tf^. 

So the problem of characterizing D{A) reduces to the problem of characterizing 
D{A^) and D{A%). 

We need the following regularity result: 

Proposition 3.1. Let [u] G i?® and [w] G L®. Assume that one of the following 
properties holds: 

(1) [u] G and 

(2) [u] G ii'^ and 

ae(M, [v]) = {[w], [v])l^ for all [v] G . 

r/ien Uk G H'^iuJk) for A; = 1, 2, 3. 
Proof. See the Appendix. □ 

For A; = 1, 2, 3 let us define the spaces 

Zk:=H\u;k) and := if^^a;^) n i/o'K)- 
Moreover, let us define the spaces 

Ze := Zi © Za © Z3 and Z° := Z° © Z° © Z°. 

Then we have the following characterization of D{A^) and D{A^): 

Theorem 3.2. The following properties hold 

(1) D{A%) = ZO and 

= (-Awi, -Aw2, -Awa) for [u] G Z° ; 

(2) D{Ag) = Zg and 

= i-Aui, -Au2, -AU3) for [u] G Zg, 
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where is the subspace of Z,^ consisting of all [u] = (wi, t(.2, ^3) satisfying 
'^ui{x) = '^U2{x) = '^U3{x) T-O'-a.e. on dioi, 
dy^u\{x) — V} -a.e. on duj 

and 

(3.1) /ii Vmi • I'l + /i2Vtt2 • ^"2 + ^3 Vms • i^s = Ti}-a.e. on duj2, 

where Uk is the outward normal vector field on du>k for k — 1,2,3. We call 
(3.1) the (Kirchoff type) balance condition on duj2- 

Proof. First we prove (1). Let [u] e D[A^). Then by definition there exists 
[w] e such that 

«®(M,H) = (H,H)Le foraiiMeiy°. 

Since by Proposition 3.1 Uk £ H'^{u}k) n Hq{u!]^) for A; = 1, 2, 3, we obtain immedi- 
ately that [u] e Z^. Moreover, a simple integration by parts yields 

/ hkVk{x)Auk{x) dx = y^l hkVvk{x) ■Vuk{x)dx 

3 

/ hkVk{x)wk{x) dx for all [v] e H^. 

k=i "^"^fc 



Choose [v] = (vi,0, 0), with vi e Hq{(jJi) arbitrary. Then by definition [v] e H^. 
With this choice, we obtain 

— / hiVi{x)Aui{x) dx — / hivi{x)wi{x) dx for all fi e iyo(a;i). 

This implies that wi — —Aui. In the same way, we obtain that Wk — —Auk for 
k= 1,2,3, i.e. A^[u] = {-Am, -Au2, -Aus). 

Assume conversely that [u] e Z^. Then integration by parts implies that 

^ / hkVvk{x) ■ Vuk{x)dx = — ^ / hkVk{x)Auk{x)dx for all \p\ e H'^. 

k=l '^k k=l 

Since (— Awi, — Au2, — Awa) G L®, it follows that [u] G D{A^) and the proof of 
part (1) is complete. 

Part (2) is a little more involved. Let [u] G D{A^). Then by definition there 
exists [w] G Lq such that 

«e(M,H) = (M,N>Le foraUMGi?g. 
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By Proposition 3.1, Uk G H'^[u3}~) for k = 1,2,3, so we obtain immediately that 
[u] e Z^. Moreover, since [u] e H^, we have of course '^ui{x) = '^u^ix) = '^U3{x) 
H^-a.e. on d(jj2- A simple integration by parts yields 



/ hkVkix)Aukix) dx + y^^ / hkVk{x)Vuk{x) ■ i>k{x)dTi}x 
/ hkVvk{x) ■ Wuk{x) dx = y^ / hkVk{x)wk{x) Ax 



rC 



for all [v] e if^. 

Choose [w] = ('i;i,0,0), with vi G Hl{ijji) arbitrary. Then [v] e H^. With this 
choice, we obtain 

— / hiVi{x)Aui{x) dx = I hiVi{x)wi{x) dx for all f i G -ffg (a;i). 



Since Hq{u)i) is dense in L^(a;i), we obtain that wi = —Aui. In the same way, we 
obtain that Wk = —Auk for k = 1,2,3, i.e. = {—Aui, — Att2, — Atts). Now 

choose [v] = {vi, 0, 0) with '^vi = 7Y''^-a.e. on duj^. Then [v] e H£ and we obtain 



/ hiVi{x)Aui{x) dx + / hiVi{x)'S7ui{x) • i'i{x) dTi.^: 
I hiVviix) ■ Vui{x) dx = ag(M, [u]) = {[v],A'^[u])l, 



It follows that 



— / hiVi{x)Aui{x) dx. 



/ hiVi{x)Vui{x) ■ i'i(x) dH^x = 0. 

J du) 



' du) 

Since '^vi can be chosen arbitrarily in a dense subspace of L'^{duj), we obtain that 
d,y^ui{x) = H^-a.e. on dou. Finally, choose [v] in such a way that '^vi{x) = 
H^-a.e. on du. Then we have 

/ hkVkix)Aukix)dx + ^ hkVk{x)Vuk{x) ■ i>k{x)dV}x 

k=l k=l 
3 

= J2 / hkVvkix) ■ Vukix) dx = ag(H, [«]) = (H, AgM)Le 
= -^/ /ifc^^fe(a;)Aufe(x)dx. 
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It follows that 



3 

/ hkVk{x)Vuk{x) ■ Vk{x) dJi}x = 0. 

fc=l "'^'^2 

Since [v] G H^, we have '^vi{x) — '^V2{x) — '^v^{x) Ti}-a,.e. on du32- Finally, 
since '^vi can be chosen arbitrarily in a dense subspace of L?{du!2), we obtain that 
hiVui ■ vi + h2Vu2 • vi + ^aVtts • z^s = TY^-a.e. on dL02-, and hence \u\ e Z^. 
Assume conversely that [tt] e Z^. Then integration by parts implies that 



3 

E 



\ hkVvk {x) ■ Vuk {x) dx 

Ju>k 

/ hkVk{x)Auk{x) dx + ^ hkVk{x)Vuk{x) ■ yk{x)dli}x 



for all [v] e Hg. 

Since [v] G -ff^, we have '^vi{x) — '^V2{x) — '^vs{x) H^-a.e. on du>2. Moreover, 
since [u] G Z^, we have d,^^ui{x) = 7^^-a.e. on duj and /tiVwi • vi + /i2Vw2 • 1^2 + 
^sVms • = Ti^-a.e. on duj2- This implies immediately that 



3 

/ hkVk{x)Vuk{x) ■ vk{x) dH^x = 0. 



Since (— Ami, — A'U2, — Atts) e -C'®, it follows that [u] G Z)(^0) and the proof is 
complete. □ 

Remark. Thanks to Theorem 3.2, one can easily prove that the semiflow generated 
by equation (1.7) in ^(O) with F = (resp. F = F^) and the semiflow generated 
by equation (1.9) (resp. (1.10)) are conjugate by mean of the isometry i^. 

4. An application: computation of the eigenvalues 

In this section we shall explain how the characterization of Aq and of its domain, 
obtained in Section 3, can be exploited, in some specific situations, to compute the 
eigenvalues of ^o- We shall consider the domain Vt described in Figure 1: we choose 
two real numbers r and R, < r < R, and we define 

a; := { a; G I < \xf <R^}, a;2 = a;3 := { a; G | < \x\^ < }. 

First, we observe that, thanks to Theorem 3.2, in the case F = F^ the abstract 
eigenvalue problem 

Aqu = Xu 

is equivalent to the system 

—Auj — Xuj, X E Uj, j = 1, 2, 3 
Uj = 0, X & du)j, j = 1, 2, 3 



(4.1) 
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The equations in this system are completely decoupled, so in this case the sequence 
of the eigenvalues of is just the union of the sequences of eigenvalues of the three 
Dirichlet problems considered separately. These problems can be easily treated in 
the standard way by writing the equations in polar coordinates and then using 
separation of variables. This is a classical result and we don't discuss it here. 

The case F = is more interesting. Thanks to Theorem 3.2, the abstract eigen- 
value problem 

Aqu = Xu 

is equivalent to the system 



(4.2) 



ui{x) = U2{x) = Us (a;), 
di,^ui = 0, 
I ELi hjVuj ■ Vj = 0, 



X e Uj, j = 1,2,3 

\x\ = r, 
\x\ = R, 
\x\ — r. 



Also in this case the computation exploits polar coordinates and separation of 
variables, but wc have to be a little careful because of the coupling at the 'interface' 
{\x\ = r}. Let us write for simplicity A := and let us indicate by A^ the 
complexification of A. Then A^ is a self-adjoint operator in the complex Hilbert 
space := + iL® with domain D{A'^) = D{A) + iD{A). The action of is 
defined in the obvious way by ^"-^([16] -|- i[v]) := Au + iAv. The operators A and A'^ 
have the same eigenvalues with the same multiplicity. Let ]0, -|-cx)[x]0, 2n[-^ M^, 
$(p, 9) H- > (pcos^, psin^) be the system of polar coordinates on \ (M+ x { }). 

Set Ii :=]r, R[ and Ij :=]0,r[ for j = 2,3. We look for eigenvalue-eigenvector 
pairs (A, [u]), where A > and [u] has the form 



(4.3) 



[u] = (wi, U2, U3) with 
{ujO^){p,e)=Vj{p)e'^', {p,e) e /,x]0,27r[, j = 1,2,3. 



Here n E Z, and Vj : Ij 



for j = 1,2,3. Let us recall that the Laplacian in 
two-dimensional polar coordinates assumes the form 

Id 1 
+ + 



dp"^ p dp p^ dd"^ ' 
Let us fix n G Z. Then an eigenvalue-eigenvector pair of the form (4.3) must satisfy 

' - (< + -p^'j - T^^j) = P e I3. j = 1, 2, 3, 

V2 and regular at 0, 
(4-4) < vi{r) = V2{r) = V3{r), 

v[{R)=0, 
. hiv[{r) = h2V2{r) + hsv'^ir). 



HIGHER DIMENSIONAL THIN DOMAIN PROBLEMS 



17 



If A = and n = 0, the space of solutions of (4.4) is one-dimensional, and is 
generated by {vi,V2,vs) = (1, 1, 1). In fact a fundamental system of solutions for 
the equation 

v'' + -v'=0 

is given by 1 and log p. If A = and n ^ 0, then (4.4) has no non-trivial solutions. 
In fact, a fundamental system of solutions for the equation 



n 

-^Vj = 



is given by and p 

Assume now that A ^ 0. Setting Vj{C) '■= we transform the equations 



(4.5) 
to 

(4.6) 



,, 1 , 



n 



>^Vj, j = 1,2,3 



= 0> j = 1,2,3. 



The latter are Bessel equations of order |n| and, for j = 1,2,3, a corresponding 
fundamental system of solutions is given by J|n|(0 ^i^*^ ^\n\{Oj where J|„| and 
are the first and the second Bessel function of order |n| (see e.g. [19]). It follows 
that a fundamental system of solutions for the equations (4.5) for j = 1, 2, 3 is given 

by 

J\n\{^p), ^n|(v^P)- 

It is well known that Yj^i is singular at 0. It follows that, for a given positive A, 
(4.4) admits nontrivial solutions if and only if we can find real constants Cj, i = 1, 
. . . , 4, with (ci, C2, C3, C4) ^ (0, 0, 0, 0), such that 

ciJ|„|(A/Ar) + C4Y\n\{VXr) = C2J\n\{VXr) 
C2J\n\{VXr) = csJ\^\{VXr) 
K cihiJ'{VXr)+c^hiY'{^/Xr) = 03/12 J,', (^r) + 03/13^1' I (v^r). 



(4.7) 



This is possible if and only if 



det M(n, A, r, R) = 0, 



where 



M{n,X,r, R) = 



( J{^\{V\R) y;^^{V\r) \ 

J\n\{^r) -J|.|(^r) l|n|(^r) 

J|n|(v^r) -J|„|(v^r) 

\h,J'{V\T) -hMVXr) -hsJUVXr) h^Y'{VXr)J 



18 



T. ELSKEN AND M. PRIZZI 



Observe that det M(n, A, r, R) is an analytic function of A > 0. It follows that, for 
every n e Z, the zeroes of det M(n, A, r, R) in R+ form a sequence 

Anm) 777. = 1, 2, 3, . . . 

of eigenvalues of A'^ and hence of A. Thus we obtain that the set 

{A„^|neZ,m = l,2,3,...}U{0} 

is contained in the sequence of the eigenvalues of A^ and hence of A. The corre- 
sponding eigenfunctions can be computed by solving the system (4.7) with A = Xnm- 
If (ci, C2, C3, C4) is a nontrivial real solution of (4.7), then 

((Cl J|n| iV^nmP) + C4>^n| ( V'^nmP))e'"^, C2 J|n| ( V AnmP)e'"'^, C3 J|„| ( V'AnmP)e'''^) 

is an eigenfunction for the eigenvalue A„^, expressed in polar coordinates. Thus, for 
n e Z and m = 1, 2, 3, . . . fixed, we obtain a finite set of orthonormal eigenfunctions 

{Mnm \£='^,---,P{n,m)} 

for the eigenvalue Xnm- Notice that p{n,m) < 4. However, the multiplicity of Xnm 
can be larger than p{n, m), since we can have Xfun = Xnm for some n ^ n. 

Finally, we claim that all eigenvalues and eigenfunctions of A'^ can be obtained 
in this way. To this end, for n e Z let us first define the space 

{L^)n '■ = 

{ [u] e I o $)(p, e) = vj{p)e^^', vflj ^ C, (p, e) e x]0, 27r[, j = 1, 2, 3 }. 

Observe that a triple of functions {ui,U2,U3), Uj-.uij C, j = 1,2,3, satisfying 
(uj o ^){p,9) = Vj{p)e'''^ for some vflj C, {p,d) e /jX]0,27r[, j = 1,2,3, 
belongs to {L'^)n if and only if 



/ P\yj{p)\' 



dp < oo for j = 1, 2, 3. 



In fact, p = J^{pi 9) for (p, 6) e]0, +oo[x]0, 27r[. It is also easy to check that 

{L%)n^{L%)n forn^n. 

Moreover, 



^(L^)n - 
nGZ 

This is true, since { e'"^ | n e Z } is a complete orthonormal system in L'^i]^-, 27r[, C). 
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Write 

3 

Moo {Y,h^u:^)-"\l^^). 

If we show that, for a fixed n G Z, n 7^ 0, the set 

{ Hnm I ^ = ^^■■■iP{n,m), m= 1,2,3,...} 
is a complete orthonormal system in {L'^)n and that the set 

{ML K= l,---,p(0,m), m= 1,2,3,...} U{ Moo} 

is a complete orthonormal system in {L^)q, we are done. 
Let us define the Hilbert space 

Le := { [v] = {vi,V2,V3) I p'/\{p) e L\lj,R), j ^ 1,2,3} 

equipped with the scalar product 

3 

{H> M}® hjpvj{p)iyj{p) dp, [v], [ly] e L®. 

Set = L0 + iL®, i.e. 

:= { N = {vi,V2,vs) I p^/\{p) e L\lj,C), j = 1,2,3}. 
Moreover, let us define the isometry 

j: (-t'©)n 

where 

Wj{p,cf>):=Vj{p)e'''^, {p,e)eljx]0,27r[, j = 1,2,3. 
It is enough to prove that the sets 

Bn := { J~'[u]im K = 1, • • • m), m= 1,2,3,...}, n e Z \ {0}, 

and 

Bo := {r'ML K = 1, • • • ,P(0, m), m = 1, 2, 3, . . .} U {r'Moo } 
are complete orthonormal systems in L^. Actually, since 

-Ir ■]£_/£ £ £ 

for £ = 1, . . . ,p{n, m), m = 1,2,3, .. . and for all n e Z, 
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it is enough to prove that B„ and Bq are complete orthonormal systems in L^. 
Set A^^ := Xnm for £ = 1, . . . , p(n, m), m = 1, 2, 3, . . . , n e Z. For n ^ 0, the 

set 

'■= {{^im^j'^Mim) I ^= 1, • • • , ™) , m= 1,2,3, ...} 

is by construction the set of eigenvalue-eigenvector pairs of the system 

V2 and V3 regular at 0, 
(^•^) \ vi{r) = V2{r) = V3{r), 

v[{R) = 0, 
. /iifi(r) = h2V2{r) + /is^'sW- 

For n = 0, the set 

^0 := { (AL, r'Mom) K = 1, • • • ,M0, m), m = 1, 2, 3, . . .} U { (0, j-^Moo) } 
is by construction the set of eigenvalue-eigenvector pairs of the system 

p e /j, j = 1,2,3, 



(4.9) 



^2 and ^3 regular at 0, 
vi{r) = V2{r) = vs{r), 
v[{R) = 0, 
. hiv[{r) = h2V2{r) + hsv'^ir). 



Let us define the spaces 



HO := 



{ H e Le I e ific(^.-), P'^'^K^) ^ ^'(^i)'i = 2, 3, vi{r) = V2{r) = vs{r) } 
and, for n G Z \ {0}, 

mi ■.= {[v] e HO I p-'/\{p) e L2(/,),j = 1,2,3}, 

equipped with the scalar products 

{{M,M}}e [ hjpv'j{pyj{p)dp + ^ f hjpvj{p)i^j{p)dp, 
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and 



respectively. Then one can show that and H^, n e Z \ {0}, are densely and 
compactly imbedded in L^. 

Let us define the bilinear forms 

3 

j=i -'ij 

and 

3 „ 3 « 2 

a{H>M}©:=Xl/ '^jP'"jiPyjip)^P+J2 ^j—^Ap)^Ap)^P 

[v],[u]eMl 

on EI^ and respectively. Then we have that the set So is the complete set of 
'proper value - proper vector' pairs of 



(4.10) 



[v] e m% 

a{[v], = X{[v], W]U for all H e M 



Analogously, for all n e Z \ {0}, the set £n is the complete set of 'proper value 
proper vector' pairs of 



(4.11) 



[v] e Ml 

«{M, = A{M, N}® for all M e mi 



Actually, (4.10) (resp. (4.11)) can be considered as the 'weak formulation' of (4.9) 
(resp. (4.8)). 

By the abstract theory of proper values for couples of bilinear forms (see e.g. [17] 
or [20]), we finally obtain that Bq and Bn, n e Z \ {0}, are complete orthonormal 
systems in L®. 
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5. Appendix 

In this appendix we give the 

Proof of Proposition 3.1. Assume first that (2) holds and remind that Uk € HQ{ujk) 
for k — 1,2,3. Choose [v] — (fi,0, 0), with vi G Hq{uji) arbitrary. Then by 
definition [v] e H^. With this choice, we obtain 

Since dui is of class C^, the classical regularity results for the Dirichlet problem 
apply to the present situation and we get without any further efi^ort that ui e 
H'^{ui). In the same way, we obtain that Uk G H'^{uJk) for k = 1, 2, 3. 

If (1) holds, the situation is much more complicated: we cannot apply directly 
the classical regularity results for elliptic equations, because of the coupling at the 
'interface' doJ2. We shall use a partition of unity on cJ in order to isolate the regions 
where no coupling occurs: within these regions we can again apply the classical 
results. On the other hand, the partition of unity allows us to 'localize' the analysis 
on the interface. The main difficulty consists in the fact that we have to handle with 
the three functions ui, U2 and simultaneously. Fortunately, the compatibility 
condition (2.1), in local coordinates, is invariant under 'horizontal' translations. 
Then we shall exploit the well known method of translations due to L. Nirenberg 
and obtain at once regularity of Wfe, k = 1, 2, 3. 

We start by carefully choosing an open covering of oJ. Since 8002 is of class C^, 
we can cover it by a finite number of open sets t/i, t/2, • • • , t^m, in such a way that, 
for z = 1, ... , m, there exists a diffeomorphism $j: ] — 1, 1[ x ] — 1, 1[— > with 
the property that 

(1) acc^snt/, = $,(]- l,l[x{0}); 

(2) a;2nt/, = $,(]- l,l[x]-l,0[); 

(3) ^int/, = $,(]- l,l[x]0,l[). 

Notice that Ui H du = 0. Moreover, we take Uq CC U2 in such a way that Uq, Ui, 
. . . , Um form an open covering of uj2- Notice that Uq HZJi — 0. Finally, we take 
Um+i CC in such a way that Um+i n aJ2 = and Ui, ... , Um, Um+i form an 
open covering of uJi. Then Uq, ... , Um+i is an open covering of ZJ. 

For i = 0, . . . , m + 1, let 6'i e C(f^(M^), with supp6'i C Ui, be a partition of 
unity on cJ, i.e. Xll^o^ 6*^ = 1 on uJ. Let us observe that YI^q 6i = 1 on 102 = ^3 
and Yl^i=i^ 9i = 1 on ZJi. Then we have 

m+l m m 

ui^^OiUi, U2 = y^^0iU2, and ^3 = OjUs- 

i=l i=0 i=0 

So it is sufficient to show that 

Ui,i :=9iUi e H'^{(jJi) for z = 1, . . . , m + 1 

Ui,2 ■=0iU2 e H'^{oJ2) for z = 0, . . . , m 

Ui,3 ■=0iU3 e H^ioJs) for z = 0, . . . , m 
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Let us observe that suppu^+i^i C Um+i HoJi, suppwo,2 and suppuo,3 C Uq-, and 
supp Uij G UiHIOj for z = 1, ... , m and j = 1,2,3. 

Wc prove first that tto,2 € H'^{'^2) and 1x0,3 G H'^{<^3)i the simplest case. Let 
V2 e Hq{u}2)- We have 

/ Vwo,2(a:;) • Vf2(x) dx 

J 0)2 

= / U2{x)V0o{x) ■ Vv2{x) dx+ eo{x)Vu2{x) ■ Vv2{x) dx 
= / U2{x)V9o{x) ■ Vv2{x) dx+ Vu2{x) ■ V{9oV2){x) dx 
— I V2{x)Vu2{x) ■VdQ{x)dx. 

J U>2 

Since (0, 6'of 2, 0) G i/^ , we have 

/ Vu2{x) ■V{doV2){x)dx = / W2{x)dQ{x)v2{x)dx. 

Moreover, since U2 € H^{u32) and V2 € Hq{uj2)i 

U2{x)V9q{x) ■ Vv2{x) dx = — div(u2V9o)(x)v2(x) dx. 



' UJ2 J UJ2 

Let us write 

W2 := - div(tt2V^o) + w^Qq — V'U2 • V^o- 
Then W2 £ L'^{u)2) and 



/ 



Vuo^2{x) ■ Vv2{x) dx = tV2{x)v2{x) dx. 

UJ2 J 1^2 



Since V2 £ Hq{uj2) is arbitrary, we obtain that mo,2 £ Hq{uj2) is a weak solution of 

— A'u = tZ;2 on 0^2, = on duj2- 

Then by the standard regularity results for the Dirichlet problem we obtain that 
uo,2 £ H'^{,^2)- In the same way we can prove that 1x0,3 £ H'^{,^2)- 

Next, we consider ■Um+i,i- As we have already mentioned, suppiXr^+i,! C Um+i^ 
uji = (Um+i n u>i) U dco. This implies that '^Um+1,1 = on duj2- Let vi e H^{u!i), 
'^vi = on duj2- Then we have 

/ Wum+i,iix) ■ Vvi (x) dx 
= / ui{x)'V9m+i{x) ■'Vvi{x)dx+ / 9m+i{x)'Vui{x) • 'Vvi{x) dx 
= / ui{x)'V9m+i{x) ■'Vvi{x)dx+ / 'Vui{x) ■'V{9m+ivi){x)dx 

vi{x)Vui{x) ■ V9m+i{x) dx. 
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Since {Om+iVi-i 0, 0) G i?^, we have 

/ Wui{x) ■W{9m+ivi){x)dx = wi{x)em+i{x)vi{x)dx. 

Let us write 

wi := Wi9m+i - Vul • V9m+i and Wi uiV9m+i- 
Then tui e L2(a;i) and W^i e H'^iuji,^^) and we have 

/ Vum+i,i{x) ■Vvi{x) dx = I wi{x)vi{x) dx I Wi{x) ■Vvi{x) dx 

for all vi e H^{u)i) with "^wi = on dijj2- 

Then we can apply the classical regularity results for elliptic equations with mixed 
boundary conditions (see e.g. [18]). Observe that duji — duj U duj2 and that the 
Dirichlet condition is imposed on the whole duj2i whereas no a-priori condition 
is imposed on duj. Since du}2 and duj are smooth and both closed and open in 
duJi, all the hypotheses of Theorem 2.24 in [18] are satisfied. So we obtain that 
Wm+1,1 e H'^{ui). 

Finally, we shall prove that Ui^j G H'^iUi fl Uj) for j = 1, 2, 3 and i = 1, . . . , m. 
Let us fix z = 1, . . . , m, and let us take (f i, f2, fs) G with suppf j C C/j fl ujj 
for j = 1, 2, 3. Then we have 



3 

J2 / hjVuij{x) ■ Vvj{x) dx 

= / hjUj{x)'V9i{x) ■ Wvj{x) dx + / /ij^i(a;)Vttj(a;) • Vfj(a;) da; 
7=1 Uiiiuij ^ Uir\LOj 



3 ^ 3 



= hjUj{x)V9i{x) ■Vvj{x)dx + ^ hjVuj{x) ■ V{9iVj){x) dx 

j—l'^UiDuij j_iJUir\uJj 
3 

— / /tjt'j(a:)Vwj(a;) • V^i(a;) dx. 
Now observe that (^jt'i, 9iV2, 9iVz) G , so 

/ /ij Vtt j (a;) • V{9iVj ){x)dx^^ I hj Vuj (x) ■ V {9iVj ){x)dx 
= / /ijWj(x)6'i(x)f dx = / hjWj{x)9i{x)vj{x) dx 

n = l •^'^3 7 = 1 ''UiHulj 



HIGHER DIMENSIONAL THIN DOMAIN PROBLEMS 



25 



Let us write 

Wj := WjOi — Vuj ■ V9i and Wj := UjV9i for j = 1, 2, 3. 
Then wj e L^{ujj) and Wj e H^{uJj, M^) for j = 1, 2, 3, and we have 

3 



j—i JUinuij 

(5.1) = / hjWj{x)vj{x) dx + '^^ / hjWj{x) ■ 'Vvj{x) dx 

for all [v] e with supp C C/j fl aJ^ for j = 1, 2, 3. 
Set Qi :H-l,l[x]-l,l[, 

Qij:=^-\U,nuj) for j = 1,2, 3, 
i.e. Q,,iH-l,l[x]0,l[, Q,,2 = Q.,3=]-l,l[x]-l,0[, 

and 

for ee<5i,i,J = 1,2,3. 

Then tt^ j and e H^{Qi j). Moreover, suppttj^j and suppvj are contained in 
Qij U (] - l,l[x{0}). Besides, '^Ui^i = '^Wi,2 = "^^1,3 and = = "^^^s "7^^- 
almost everywhere on ] — l,l[x{0}. Then, changing coordinates in (5.1), we have 



3 

3 

= 5] / /i,J$,(0«^,(0^.(OdC 

j = l Qi,i 

+ / j$,(e)i^$-^($i(e))w,(e) • v^,(e) de, 

where J$i(C) is the Jacobian determinant of D$j(^), Wj{^) := tUj (^»i(^)) e L'^{Qij) 
and Wj(C) := W^j($i(0) e ^^(Qij,^^) for j = 1,2, 3. Write 

J^,D^r\^,)D^r\^,f (g^'^)^^ e Ci(Q,,A^(2 x 2)), 
J^iWj =: aj e L'^iQij) and J^jD^-^W^- =: e /^^(Qij, R^). 
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Observe also that the matrix {g^^)^i, is symmetric and uniformly strongly elliptic 
on Qj, i.e. there exists a positive constant K such that 



E ar^Oh^K > K\h\^ for all ^ G and all h e 

Then we have 

3 . 2 

(5.2) = /■ h,a,{i)v,{i) + E / ■ V^,(0 

for all (t'l, ^^2, i^a) G H^{Qi), where H^{Qi) is the set of all triples ("Wi, ^2, ''^3) G 
iyi(gi,i) X ifH<5i,2) X ifi(Qi,3) with supp^;, C Qij U (] - l,l[x{0}) and ^vi = 
'^V2 = ^■J^s 7i "^-almost everywhere on ] — 1, l[x{0}. 

Now we are in a position to use the method of translations of Nirenberg. First, 
let us recall that for u e Ll^^{W^) and h eW^ one defines 

Thu{z) := u{z + h) and 5hu{z) := ^fe^(^) " ^ foj, ^eW. 

We shall use 'horizontal' translations: let h := (X)0) G M^, with 

< (l/2)dist(suppuij,{-l,l} X M) for j = 1,2,3. 

Then it is very easy to see that {ThUi,i,rhUi,2,rhUi,3), {5hUi,i,5hUi^2,5hUi^2,) and 
{5-h5hUi,i-,5-h5hUi,2-,5-h5hUi,z) e H^{Qi). So we can use 

{V1,V2,V3) := {S-h^hUi,l,^-hShUi,2,S-hShUi,3) 

as a test function in (5.2). A simple change of variable yields 

3 „ 2 

E / E Sh{g^^^^^,Jm^u{SHU^,M)<^^ 

j=l •^Qi,i n,u=l 

j—l ''Qi,j j—\ ''Qi,j 

Since 
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we obtain 

3 2 

3 „ 2 

- E / h,a,{i)5-h5hU^M) de + E / ^.•(^'^/^^•)(^) " ^i^hU^,m 

j = l ''Qi,j j = l ''QiJ 

Now let us recall that 
and 

So we get 

3 „ 3 
^E / l^('^/»^i,i)l^dC < E \i9r)\cHQi)\^'^i,j\LHQij,M.^)\^i^hUi,j)\L^Qij,M.^) 

3 

+ E \^j\LHQi,j)\^{^hUi,j)\L^Qij,R2) 
3 

+ E \^(^\L^Qij,Mi2x2))\'^{ShUi,j)\L^Qij,R2), 

for some positive constant K. This in turn implies that there exists a constant 
C > such that 

3 3 
E |V(fej)|i2(Q._.^K2) ^ C'E \^i^hUi,j)\L^(Q^^^,R2) 

and hence 

^3 \ ' 3 

E \^i^hUi,j)\mQij,R2) < 3CE l^(^/i^M)U^(Qi..-,K2)- 

So, for all sufficiently small h = (x, 0), we have obtained that 
(5.3) |<^h(V«ij)U2(Q^_^,K2) < 3C for j = 1,2,3. 
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It is well known that estimates (5.3) hold if and only if 

didi^Uij e L'^{Qij) for u = 1,2 and for j = 1, 2, 3 

So, in order to complete the proof, we only need to show that d2Uij G L'^{Qij) for 
j = 1,2,3. This can be easily done by mean of straightforward manipulations of 
the distributional identities 

2 2 

IJ.,V=1 l/ = l 

like in the classical proof of regularity for elliptic equations. The proof is com- 
plete. □ 
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